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Abstract 

In this article, we construct the canonical semipositive current or the 
canonical measure (= the potential of the canonical semipositive current) 
on a smooth projective variety with nonnegative Kodaira dimension in 
terms of a dynamical system of Bergman kernels. This current is consid- 
ered to be a generalization of a Kahler-Einstein metric and coincides the 
one considered independently by J. Song and G. Tian ( [S-T) ). The major 
difference between |S-T) and the present article is that they found the 
canonical measure in terms of Kaher-Ricci flows, while I found the canon- 
ical measure in terms of dynamical systems of Bergman kernels. Hence 
the present approach can be viewed as a discrete version of a Kahler-Ricci 
flow. 

The advantage of the dynamical construction is two folds. First, it 
enables us to deduce the logarithmic plurisubharmonic variation propery 
of the canonical measures on a projective family. Second, we can overcome 
the difflculty arising from the singularities of the solution of a Kahler-Ricci 
flow. 
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1 Introduction 

In [T4j . I have constructed a canonical Kahler-Einstein current on a smooth 
projective variety of general type in terms of a dynamical system of Bergman 
kernels originated in |T3j . This Kahler-Einstein current is the same one which 
has been studied in [TO) ISuj . 

Since the same kind of dynamical systems has been defined on a smooth 
projective varieties of nonnegative Kodaira dimension (or even for a smooth 
projective varietiy with pseudoeffective canonical bundle) in [T3', it is natural 
to expect that the normalized limit of the dynamical system of Bergman kernels 
yields a substitute of a Kahler-Einstein metric for a smooth projective variety 
(of non general type) with nonnegative Kodaira dimension. 

The purpose of this article is to prove that the limit satisfies the partial 
differential equation (see (|1.22p ) similar to the Kahler-Einstein equation on the 
base of the litaka fibration (not on the original variety) and give a natural gener- 
alization of the notion of Kahler-Einstein volume form. We call the (normalized) 
limit the canonical measure. And we call the — Ric of the canonical measure (in 
the sense of current) the canonical semipositive current. 

There are two major differences between Kahler-Einstein metrics and the 
canonical semipositive currents. 

First of all in general the canonical semipositive current is strictly positive 
not on the original variety but on the base space of the litaka fibration. In other 
words, the current is the puUback of a closed generically strictly positive current 
on the base space of the litaka fibration. 

Secondary although the canonical semipositive current satisfies a similar 
partial differential equation as a Kahler-Einstein metric on the base space of 
the litaka fibration, the equation has an additional term coming from variation 
of Hodge structure on the litaka fibration. 

The objective of this generalization is to study the deformation of projective 
varieties with nonnegative Kodaira dimension. Actually the dynamical con- 
struction of the canonical semipositive current yields the existence of a closed 
semipositive current on the family which restricts the canonical semipositive 
current on the general fibers (Theorem 14.11) . We discuss the applications of 
Theorem 14.11 in [T7j . And we also note that there are similar constructions of 
canonical measures (canonical and supercanonical AZD's) on smooth projective 
varieties with pseudoeffective canonical bundles ( ^T5] ). 
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After the completion of this work, 1 have noticed a paper of Song and Tian 
( [S-Tp which also constructed the canonical semipositive current from a different 
point of view. Actually first they have constructed the canonical semipositive 
current as the limit of the Kahler-Ricci flow in the case of semiample canonical 
bundle. Then they constructed the current which satisfies the same equation 
without using a Kahler-Ricci flow on a projective varieites with nonnegative 
Kodaira dimension whose canonical bundle is not necessarily semiample. In 
this sense their construcion is modeled after the case of semiample canonical 
bundles. But in their construction, the meaning of the canonical semipositive 
current is not clear (although it is apprarently a generalization of a Kahler- 
Einstein metric). 

The main contribution of this article is to give a dynamical construction of 
the canonical semipositive currents (or the canonical measure in |S-T| ) and give 
the authenticity to the canonical semipositive current. 

The advantage of the dynamical construction is that we can overcome the 
difficulty arising from the singularity of the currents. For example it seems to 
be difficult to deduce the plurisubharmonic variation property of the canonical 
measures on a projective family (Theorem 14. ip by direct calculation. On the 
other hand Theorem l4.1l is an immediate consequence of the dynamical construc- 
tion by using the logarithmic plurisubharmonic variation properties of Bergman 
kernels. 

Also difficulty arises to study a Kahler-Ricci flow, when we consider non 
minimal algebraic varieties. In this case the flow of the Kahler class associated 
with a Kahler-Ricci flow reaches the boundary of the Kahler cone in flnite time. 
Hence in this case it is inevitable to deal with a singular Kahler Ricci flow. But 
the dynamical constrution (Thcorcm ll.7|l automatically produces the cannocical 
semipositve current (or the canonical measure) as soon as the Kodaira dimension 
of the variety is nonnegative. One may consider Theorem 1 1.71 as a discretization 
of a Kahler-Ricci flo"wiJ and it overcomes the difficulty arising from singularities. 

The author would like to express his sincere thanks to the referee for pointing 
out several errors. 

Notations 

• For a real number a, [a] denotes the minimal integer greater than or equal 
to a and [aj denotes the maximal integer smaller than or equal to a. 

• Let AT be a projective variety and let I? be a Weil divsor on X. Let 
D — J^diDi be the irreducible decomposition. We set 

(1.1) A, L^J ■.= J2ld.\D,. 

• Let L be a line bundle on a compact complex manifold X. A singular 
hermitian metric h on L is given by 

h — e^'^ ■ ho, 

where ho is a C°° hermitian metric on L and ip G Lj^^(X) is an arbitrary 
function on X. We call (p a weight function of h. 

^In [T6) . I have used another discretization of a Kahler-Ricci flow. 
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The curvature current of the singular herniitian hnc bundle {L, h) is 
defined by 

6/1 := ©ho + ddkp, 

where ddip is taken in the sense of current. The sheaf C^{L, h) of the 
singular herniitian line bundle {L, h) is defined by 

C^iL,h)iU) := {a G T{U,OxiL)) \ h{a,a) € LL(C/)}, 

where U runs over the open subsets ol X. In this case there exists an ideal 
sheaf I{h) such that 

C'{L,h) = Ox{L)®I{h) 
holds. We call the multiplier ideal sheaf of (L, h). 

• For a closed positive (1, 1) current T, Tabc denotes the abosolutely contin- 
uous part of T. 

• A line bundle L on a compact complex manifold X is said to be pseu- 
doeffective, if it admits a singular hcrmitian metric with semipositive 
curvature current. A singular hcrmitian line bundle (L, h) is said to be 
pseudoeffective if the curvarure current \/— 1 ©/^ is semipositive. If X is 
a smooth projective variety, this is equivalent to the fact that ci{L) is on 
the closure of the effective cone. 

• Let (X, D) be a pair of a normal variety and a Q-divisor on X. Suppose 
that Kx + I? is Q-Cartier. Let f :Y — > X he a. log resolution. Then we 
have the formula : 

Ky ^ r{Kx+D)+Y,a,E,, 

where Ei is a prime divisor and G Q. The pair {X, D) is said to be 
subKLT(resp. subLC, if > —1 (resp. ^ —1 holds for every i. 
{X,D) is said to be KLT (resp. LC), if {X,D) is subKLT(resp. subLC) 
and D is effective. 



1.1 Kahler-Einstein metrics 

Let X be a compact Kahler manifold with the Kahler form 

(1.2) io:^^^J29vdz' Adz'. 

{X, Lo) is said to be Kahler-Einstcin, if there exists a constant c such that 

(1.3) RiCj^ = ojj 
holds, where RiCi^ denotes the Ricci form: 

(1.4) Ric^ := -V^dd\ogdet{g,j) 

and we call oj a Kahler-Einsein form on X. If a compact complex manifold X 
admits a Kahler-Einstein form, then ci{X) is negative or or positive. Con- 
versely by the celebrated solution of Calabi's conjecture ( [XllYlj ). for a compact 
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Kahler manifold X, if ci{X) is negative, there exists a unique Kahler-Einstein 
form lje such that 

(1.5) - RiCj^E = UJE 

{ \K[\Y1\ ) and if ci{X) is in H'^{X,M), then in every Kahler class on X, there 
exists a unique Kahler-Einstein form loe such that 

(1.6) Ric^g = 
holds ([Ylj). 

1.2 Kahler-Einstein currents 

There are numerous applications of Kahler-Einstein metrics. But in general, 
a smooth complex projective variety does not admit a Kahler-Einstein metric, 
since the first Chern class is not definite in general. One way to overcome this 
defect is to consider Kahler-Einstein metrics allowing singularities. 

In |TOj . I have constructed a Kahler-Einstein current on smooth minimal 
algebraic variety X of general type. More precisely there exists a unique closed 
semipositive current lje such that 

(1) There exists a nonempty Zariski open subset U oi X such that is a 
C~ Kahler form on U. 

(2) — RiC(^£, = ijJe holds on U. 

(3) is absolutely continuous on X. 

Later K. Sugiyama proved that there exists a Kahler-Einstein current on the 
canonical model of general type ( Su]). Also I have constructed a Kahler- 
Einstein current on an arbitrary smooth projective variety of general type (with- 
out using the finite generation of canonical rings) in T4J. Hence for smooth 
projective varieties of general type, we have a substitute of a Kahler-Einstein 
metric. 

We note that the above Kahler-Einstein current lue on a. projective variety 
X of general type have the following properties : He := n\ {u)^)~^{n = dimX) 
is a singular hermitian metric on Kx such that the curvature current ^—1 Qhe 
is a closed semipositive current and 

(1.7) H"{X,Ox(mKx) 'E>I(h'S)) - H°(X,Ox{mKx)) 

holds for every m ^ 1, i.e., ft,^ is an AZD of Kx (cf. Definition 11.41 below). In 
other words. He is a singular hermitian metric which extracts all the positivity 
ofKx- 

But for smooth projective varieties of non general type, the above results do 
not say anything. 
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1.3 litcika fibration 

The simplest way to squeeze out the positivity of canonical bundles is to use 
the pluricanonical systems. 

Let X be a smooth projective variety. The Kodaira dimension Kod{X) is 
defined by 

(1.8) Kod(X) := hmsup ^o^^^^^WmK.)) _ 

m^oo log m 

It is known that Kod(X) is — oo or a nonnegative integer between and dimX. 

Let X be a smooth projective variety with Kod(X) ^ 0. Then for a sufficiently 
large m > 0, the complete linear system |m!/rx| gives a rational fibration (with 
connected fibers) : 

(L9) f:X >Y. 

We call f :X >Y the litaka fibration of X. 

The litaka fibration is inclcpcndcnt of the choice of the sufficiently large m 
up to birational equivalence. In this sense the litaka fibration is unique. By 
taking a suitable modification, we may assume that / is a morphism and Y is 
smooth. 

The litaka fibration f : X — > Y satisfies the following properties: 

(1) For a general fiber F, Kod(F) = holds. 

(2) dimy = Kod(y). 

1.4 Analytic Zariski decompositions 

Let L be a pseudoeffective line bundle on a compact complex manifold X. To 
analyze the ring : 

(1.10) R{X, L) = ®^^^H\X, OximL)), 

it is useful to introduce the notion of analytic Zariski decompositions. 

Definition 1.1 Let M be a compact complex manifold and let L he a holomor- 
phic line bundle on M . A singular hermitian metric h on L is said to be an 
cinalytic Zariski decomposition(AZD in short), if the followings hold. 

(1) Qh is a closed positive current. 

(2) for every m > 0, the natural inclusion: 

(1.11) iJ°(M, Om(toL) ® lih"")) H°{M, OM{mL)) 

is an isomorphim. q 

Remark 1.2 If an A ZD exists on a line bundle L on a compact complex man- 
ifold M, L is pseudoeffective by the condition 1 above, q 
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It is known that for every pseudoeffective line bundle on a compact complex 
manifold, there exists an AZD on L (cf. [TTHT21 [DT^ ) . The advantage of the 
AZD is that we can handle pseudoeffective line bundle L on a compact complex 
manifold X as a singular hermitian line bundle with semipositive curvature cur- 
rent as long as we consider the ring R{X, L). 

One may construct an AZD for a pseudoeffective line bundle on a compact com- 
plex manifold as follows. Let L be a pseudoeffective line bundle on a compact 
complex manifold X. Let ho be a C°° hermiian metric on L. We set 
(1-12) 

h-min '■— infjft, I a singular hermitian metric on L, h ^ ho, lB;i ^ 0}. 

Then hmin is an AZD on L with minimal singularities in the following sense. 

Definition 1.3 Let L be a pseudoeffective line bundle on a compact complex 
manifold X . An AZD h on L is said to be an AZD of minimal singularities, 

if for any AZD h' on L, there exists a positive constant C such that 

(1.13) hSC-h' 
holds. Q 

In general an AZD of a pseudoeffective line bundle L on a smooth projective 
variety is not necessarily of minimal singularities. 

1.5 Requirement of the canonical semipositive current 

Let f : X — > Y he the litaka fibration of a smooth projective variety X of 
nonnegative Kodaira dimension. In this article, we shall consider a canonical 
semipositive current, say lux associated with the litaka fibration. 
It is natural to require that lux has the following properties : 

(1) LUx is unique and birationally invariant, i.e., if X is birational to X' and 
let /i : X" — > X and /i' : X" — > X' be modifications from a smooth 
projective variety X" . Then 

(1.14) uux" = lJ*^^x + 2nE = (Ai')*^x' + '2ttE' 

hold, where E := Kx" — tJ-*Kx and E' := Kx" — {fi')*Kx' respectively. 

(2) There exists an AZD Hk of Kx such that lux = \/"-T9/i^. 

(3) There exists a closed semipositive current ujy on Y such that lux = f*'-^Y, 

(4) There exists a nonempty Zariski open subset U oiY such that ujy \U is a 
C°°-Kahler form. 

1.6 Canonical bundle formula and the correction term for 
the Kahler-Einstein equations 

To construct the AZD hx above, we shall solve a partial differential equation. 
The equation is similar to the Kahler-Einstein equation : — Ric^^^ = lue, but 
there are two major differences : 



7 



(1) The equation is defined on Y not on X. 

(2) The equation has the additional term which comes from variation of Hodge 
structures. 

For a graded ring R := (D^gRi and a positive integer m, we set 

(1.15) ®^oRm^■ 

For a KLT pair {M, D), we set 

(1.16) i?(M, Km + D) := Q^^o^M, OM(bn(i^Af + D)\)) 
and 

(1.17) Kod(M,Z.) i,,,,plogdimr(M,0M(Mi^M + i^)J))^ 

m^oo log m 

Theorem 1.4 ffF^ p. 183, Theorem 5.2]) Let (X, A) he a proper KLT pair 
with 

(1.18) Kod(X, isTx + A) = n. 

T/ien i/iere exists a n- dimensional KLT pair {Y' , A') with Kod(y, A') = n, two 
positive integers e, e' such that 

(1.19) i?(X, Kx + A)('=) ~ Ky' + A')("'^ 
□ 

Let us consider the case that A = in Theorem 11.41 Then the canonical 
ring R{X, KxY*^^ is (a subring of) the pullback of the log canonical ring of some 
KLT pair iY' , A') of log general type. 

Let us explain the equation. Let f : X — > y be an litaka fibration such that 
f^,Ox{m\Kx/Y)** is locally free on Y for some m (hence for every sufficiently 
large m), where denotes the double dual. Such f : X — > Y exists by |F-M| 
p. 169, Proposition 2.2]. The divisor A' is related to the Q-line bundle 

(1.20) Lx/Y := -^f.OximolKx/Yr 

on Y in terms of the canonical bundle formula (See [F-M| for detail. In [F-M[ 
Section 2]), where mg is a sufficiently large positive integer. We note that Lx/y 
is independent of a sufficiently large mg (cf. }F-Ml Section 2]). We call Lx/y 
the Hodge Q-line bundle oi f : X — > Y . Lx/y carries a natural singular 
hermitian metric h^^^^ defined by 

(1-21) hT-,M^) 

where y € Y,Xy := f^^iu) and a e Lx/Y.y It is known that h^^^^ has 
semipositive curvature in the sense of current ( |Ka2j . [Ka3[ p. 174, Theorem 1.1]) 
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by using the variation of Hodge structures. Let SI be a C°° volume form on Y. 
We shall consider the following equation : 

(1.22) - Ric„, + V^e,,,^^^ = ^Y, 

where 

(1.23) UJY = -mcn + + V^dBu, 

and u is the unknown function. Here the term ^/—l Q/i^^^^ corresponds to the 
boundary divisor of the KLT pair {Y' , A') in the canonical bundle formula ( |F-M1 
p. 183, Theorem 5.2]). The authenticity of the equation (|1.22p can be verified by 
checking the fact that the dynamical system of Bergman kernels on X as in |T4| 
yields the current on Y which satisfies the equation ()1.22p (cf. Theorem II. 7p . 

Actually I first constructed the current by using the dynamical system of 
Bergman kernels and then found the equation (|1.22p inspired by the [F-M| . 

There are several difficulties to solve the equation (jl.22p . First of all we 
cannot expect that there exists a C°°- solution ujy- In fact ©/ti,^^^ is not C°° 
in general. And if G^j, is not C°°, (|1.22p has no solution ojy- Moreover 
h-Lx/Y is i^'^t of algebraic singularities (cf. Definition 12. ip in general. Moreover 
even if hL^/Y is C°°, u is not C°° in general. Secondary the solution u is not 
unique. But if we require that • /iLx/y ' ^" is an AZD of Ky + Lx/yj then 
the solution u is actually unique and the resulting current is nothing but the 
current constructed by the dynamical system of Bergman kernels (see Section 
11.81 and Section [3] below). 

1.7 Canonical Kahler currents 

Now we shall state the existence of the canonical semipositive current on a 
smooth projective variety of nonnegative Kodaira dimension. 

Theorem 1.5 (cf. JS-Tl Theorem B.2]) In the above notations, there exists a 
unique singular hermitian metric on Hk on Ky + Lx/y 0'''^d, a nonempty Zariski 
open subset U in Y such that 

(1) Hk is an AZD of Ky + Lx/y j 

(2) f*hK is an AZD of Kx, Here we have used the inclusion: 

f*OYimol{KY + Lx/y)) ^ Ox{W-Kx) 

to identify f*hK with a singular hermitian metric on Kx, where rriQ is 
the sufficiently large positive integer used in iL20]) . 

(3) Hk isC°° on U, 

(4) UJy = V^l ©/lA- Kdhler form on U, 

(5) — Ric^^y + ~ UJy holds on U . q 
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Although the proof of Theorem 11.51 is given in [S-T| , I shall give an alternative 
proof in this paper for the completeness, since my original proof seems to be 
different from that in [S-T] . One can see the KLT version of the above theorem 
in [T6]. 

Definition 1.6 The current usy on Y is said to be the canonical Kahler 
current of the litaka fibration f : X — > Y. Also lox '■= is said to be the 

canonical semipositive current on X . We define the measure dfican on X 
by 

(1-24) d^i,an ■■= ^fu;^ ■ hll^^ 

and is said to be the canonical measure, where n denotes dimY . |— | 

The existence of the canonical Kahler current is proven in terms of solving 
Monge-Ampere equations. The proof given here is similar to the one of |T41 
Section 5.1, Theorem 5.1]. We shall give a proof in Section 2 (see also |S-TI 
Section 4]). 

1.8 Dynamical construction of the canonical Kahler cur- 
rents 

The canonical Kahler current in Theorem 1 1 . 51 can be constructed as the limit of 
a dynamical system as in ( jT4] ) . 

Let A" be a smooth projective n-fold with Kod(A) ^ 0. And let 

(1.25) f:X >Y 

be the litaka fibration associated with the complete linear system |too!-^x| for 
some sufficiently large positive integer mo. By taking a suitable modifications, 
we shall assume the foUowings: 

(1) y is smooth and / is a morphism. 

(2) f^,Ox{molKx/Y)** is a line bundle on Y, where ** denotes the double 
dual. 

We define the Hodge Q-line bundle Lx/y by 

(1.26) Lx/Y := -^f^OximolKx/Y)**. 

mo' 

Let a be a positive integer such that f^Ox{cLKx/Y) 7^ 0- Then we see that 

(1.27) H%X, OximaKx)) ^ H\Y, OY{ma{KY + Lx/y))) 

holds for every to ^ 0. In particular Kod(A) — Am\Y holds. Hence by (|1.27p . 
we see that Ky + Lx/y is big. Taking toq sufficiently large, we may assume 
that the following conditions are satisfied : 

(1) There exists an effective Cartier divisor M such that A := TOo!(ii'y + 
Lx/y) ~ M is very ample. 
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(2) For every pseudoefFective singular hermitian line bundle {F,hp) on 
Oy{A + F) (g> lihp) is globally generated. 

The existence of such tuq follows from Nadel's vanishing theorem ([N', p. 561]) 
and Kodaira's lemma. Let Ha be a C°° hermitian metric on A with strictly pos- 
itive curvature. By the inclusion : Oy{A) ^ C'y(mo!(-R'y + Lx/y)) may 
and do identify Ha with a singular hermitian metric /ia/|'''a/P with strictly pos- 
itive curvature on mol{KY + Lx/y), where tm is a global holomorphic section 
of Oy{M) with divisor M . We shall construct a sequence of singular hermitian 
metrics {hm\rn>mo\ ^^'^ ^ sequence of Bergman kernels {K^} as follows. 

We set /imgi :— Ha and 
(1.28) 

{K{Y.Ky ^^m(,\{KY + 
K{Y, Ky + Lx/Y + mQ\{KY + Lx/y)i ^Lx/y ' ^moi)' if a = 1 

where for a singular hermitian line bundle {F,hp) K{Y,Ky + F^hp) is (the 
diagonal part of) the Bergman kernel of H^{Y,Oy{Ky + F) ®X{hF)) with 
respect to the L^-inner product: 

(1.29) ia,a'):={V^)''' J hp-aAa, 

where n denotes dimK. Then we set 

(1-30) hmo< + l (^mo! + l)~"^- 

We continue this process. Suppose that we have constructed Km and the sin- 
gular hermitian metric hm on l'^\a{KY + Lx/y) + (m — [^Ja)_ft'y.We define 
Km+i by 
(1.31) 

r K{Y,{m+l)KY+[^\aLx/Y,h„,) ifm+l^Omoda 

Km+l ■= < 

[ K(Y,{m + l){KY + Lx/Y),hl^^^'Sihm) ifm+l = Omoda 

and 

(1.32) h,n+i ■■= [Km+i)-^. 

Thus inductively we construct the sequences {hm\m>mo\ ^-"^"^ {Km\m>mo\- This 
inductive construction is essentially the same one originated by the author in 
[T3| . But since Lx/y is a Q-line bundle, the above dynamical system is slightly 
more comphcated than in jTSj . We shall call (Lx/r; 'iLx/v) ^he boundary of 
the dynamical system of the Bergman kernels H 

The following theorem asserts that the above dynamical system yields the 
canonical Kahler current on Y . 

^In |T6j . we consider dynamical systems with more general (singular) boundary. Actualy 
in that case we need to consider a family of dynamical systems which are related to a Ricci 
iteration. I believe that the dynamical systems in |T6) are better than the one here. But the 
dynamical system here is much simpler. 
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Theorem 1.7 Let X he a smooth projective variety of nonnegative Kodaira 
dimension and let f : X — > Y be the litaka fibration as above. Let {hm}m>mo\ 
be the sequence of hermitian metrics as above and let n denote dimy. LOy is 
the canonical Kdhler current on Y as in Theorem \L5l Then 



(1.33) hoc '■= liminf 1^/(771,!)" • hm 

m — ^cxj 

is a singular hermitian metric on Ky + Lx/y such that 



(1.34) hoc = (2^)" • ( -Lu^,,, ] ■ h 



1 



holds almost everywhere on Y and 

(1.35) ujy^V^Qh^ 

holds on Y . In particular h^o (and hence ojy) is unique and is independent of 
the choice of A and Ha ■ □ 

Here it may be better to replace h^o by its lower-semi-continuous envelope be- 
cause of the following classical theorem. 

Theorem 1.8 ('^L, p. 26, Theorem 5]) Let {ua}a&A be a family of plurisubhar- 
monic function on a domain U, in C". Suppose that {ua}a&A is locally uniformly 
bounded from above. Then the upper- semi- continuous envelope o/sup^g^Ua is 
again plurisubharmonic on q 

But anyway this adjustment occurs on a set of measure 0. 

Remark 1.9 In the above dynamical system, we start from an ample divisor A 
of the form mQ\{Ky + Lx/y) — M with M effective. But every ample divisor A 
is written in this form, since 

(1.36) H\Y, OyimJ.iKy + Lx/y) ~ A)) ^ Q 
for every sufficiently large m by the bigness of Ky -\- Lx/y- □ 

In the above construction the dynamical system as above is more complicated 
than in |T4j because Lx/y is a Q-line bundle and not a genuine line bundle on 
Y . But since /iLx/y ^^^V close to be a smooth metric (see Section 2.2), we 
can handle the singularity of h^^^^. In [T6| . we handle more singular boundary 
than {Lx/y,hL^,y). 

1.9 Dynamical system on X 

Let {hm}m>mo\ ^^"^ dynamical system as in the last subsection. Since 
Ox {f*{a{Ky + Lx/y))) is a subseaf of Ox{aKx) by the definition of Lx/y, 
if a\m, we may identify f*hm as a singular hermitian metric on rnKx- 

Moreover, if a = 1, then by the definition of the Hodge metric h^^^^, we 
see that 



(1.37) U*hm)-^ = K{X, mKx,f*h 



m-l) 
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holds. Hence in this case, we consider the dynamical system {{f*h,n) ^} as a 
dynamical system of Bergman kernels on X. 



If a > 1, 
(1.38) 



K{X,{m + l)Kx ~ {{'^}a)Lx/Y,rhll ■ rh„,) ifm + 1 ^Omod( 



K{X, (m + l)KxJ*ihm ■ hl^)) if m + 1 = moda 



where for a real number A, {A} denotes the fractional part A — [AJ . Here we 
note that 

(1.39) (m + l)Kx - {^^}aLx/Y - {[——\a)Kx + ({^— }a)ri^r 

a a a 

is a line bundle on X . 

In this way, we may translate the dynamical system of Bergman kernels on 
Y in the last subsection as the dynamical system of Bergman kernels on X. 

2 Construction of the canonical measure by solv- 
ing Monge- Ampere equations 



In this section we shall prove Theorem 11.51 Although the proof of Theorem 
11.51 is given in }S-Tj independently, we shall give an orginal proof here for the 
conipleteness. Also the proof in [S-T| is quite close to the proof of T4j, Theorem 
5.1]2|. The present proof is different from that in |S-Tj . in the following points : 

(1) We consider a smoothing of the Hodge metric Hlx/y which need not be of 
algebraic singularities. Hence we need to consider the sequence of modified 
equations. 

(2) The C°-estimate of the solution depends on the estimate of the Hodge 
metric near the discriminant locus and the notion of the minimal AZD. 

The techniques used here are quite standard and have been known for more 
than twenty years (cf . [Su[ ITO] ) . In this sense the proof of Theorem 11.51 is 
not essentially new. But as in [Suj . we need to require the finite generation 
of canonical ring ( |B-C-H-M] ) to prove the C^-regularity of the metrics on a 
Zariski open subset. 

2.1 Setup 

Let X be a smooth projective n-fold with Kod(X) ^ 0. And let 
(2.1) f:X >Y 

be the litaka fibration associated with the complete linear system |r7io!-?''x|- By 
taking a suitable modifications, we shall assume the followings. 



^The orginal proof of IT4I Theorem 5.1] has a gap in the proof of C^-rogularity. I have not 
checked the proof in |S-T] in full detail. 
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(1) / is a morphism. 

(2) Y is smooth. 

(3) f^Ox{mQlKx/Y)** is a line bundle on Y. 

(4) The discriminant locus I? of / is a divisor with normal crossings on Y . 
We define the Q-line bundle Lx/y on Y by 

(2.2) Lx/Y := —J.OximolKx/rr 

and let /iLx/y be the singular hermitian metric on Lx/y defined by 



mo 



(2.3) hZ,,{a,cj):^ ^ H^j . 
It is clear that /ilx/i- is smooth on 

(2.4) r° {y G y|/ is smooth over y} = Y\D 

and the singularity of /ilx/v around D is described in terms of variation of 
Hodge structures. And we see that 

(2.5) H°(Y, Oy{m\{Ky + Lx/y)) ^Ahf^j^)) H°{Y, Oy{m\{Ky + Lx/y))) 

holds for every sufficiently large m,i.e., the L^-condition with respect to the 
singular hermitian metric h^^^^ does not affect the global section of m^^Ky + 
Lx/y)- 

Let be a C°°-volume form on Y . Let us consider the equation : 

(2.6) - Ric^, + V^Qh,^,^ = ojy 
on where 

(2.7) wy = -Ricl7 + \/^e,,^^^^ + 

for some unknown upper-semi-continuous function u bounded from above on Y . 
Then the above equation is equivalent to 

(2.8) iog(^+^^^^")"-^. 



where n := dimy and 

(2.9) c^:=-Ricn + x/^e^,^^^. 

We note that since Kod(X) = dimF, Ky + {Lx/y, hL^^y) i^ big, i.e., 

(2.10) \imsup{ml)-'' dimH"{Y,Oy{m\{Ky + Lx/y)) <E)I{hl'l )) > 

m — 'oo 

holds, where n = diml". The main difficulty for solving the equation 
the fact that h^^^^ is not of algebraic singularities in the following sense 
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Definition 2.1 Let h be a singular hermitian metric on a line bundle Lx/y- 
We say that h is of algebraic singularities, if there exists a positive integer 
mo, global holomorphic sections (Tq, • • • jCtat of moLx/y o.'^d a C°° function (p 
such that 

N 

(2.11) h = e^■{Y,\cJ^?)-^^ 

i=0 

holds. |— I 

There are two ways to treat the singularity of h^^^^ in (|2.6p . One way is to 
smooth out the singularities of ^Lx/i- ^^"^ the other way is to consider the metric 
of Poincare growth on the complement of the discriminant locus oi f : X — > Y. 
The both methods depend on the analysis of the singularties of h^^^^ i'^ terms 
of the theory of variation of Hodge structures. 



2.2 Smoothing of the Hodge metric /iL^/y 

The singular hermitian metric h^^^^ is generically C°°, but need not be of 
algebraic singularities. 

The singularity of /iLx/y '^^^ ^le described by using variation of Hodge struc- 
tures. Let a be the minimal positive integer such that f^OxiaKx/y)** is not 0. 
Then the a-th root of local holomorphic section of f^Ox{aKx/y) can be con- 
sidered to be a family of canonical forms on the family of cyclic a-covers of the 
fibers. In this way the Hodge metric can be described in terms of the theory of 
variation of Hodge structures (cf. |Sch| ). Let us assume that the discriminant 
locus D oi f : X — > y is a divisor with normal crossings. As in |Kal| . the 
locally free extension of the Hodge bundle is contoroUed by the monodoromy 
which is quasi- unipotent. And in this setting the local monodoromy is abelian. 

Definition 2.2 Let (M,B) a pair of a complex maifold M and a divisor B 
with normal crossings. Let ujp is a Kdhler form on M — B. LUp is said to be of 
Poincare growth, if for any polydisk A" :— {(zi, • • • , z„); \zi\ < 1,1 ^ i ^ n} in 
M such that 

(2.12) A" n B = {(zi, • • • , z„) G A"|zi • • • Zfe = 0}, 

there exist locally bounded positive continuous functions a ^ b on A" such that 
(2.13) 

v-^ \/— 1 dzi A dzi I — - ,_ I ^ ^ 1 \ \f—\dzi A dzi -^—^ 



Z.u-^7wu-nT- v-lrfz,Adz, ^cp^&n , ,2n..u..h2 + L ^^dz.Kdz, 



-kP(logkl)^ ,.ir+r ' 7 = ^= ^frtkP(logN) 

hold on A'^-niM -B). 

Let rip be a volume form on M — B. f2p is said to be of Poincare growth, 
if for any polydisk A" in M such that 

(2.14) A" n B = {(zi, • • • , z„) G A"|zi • • • Zfe = 0}, 
there exists a locally bounded positive continuous function c{z) on A" such that 

(2.15) np = c(z) • (^Ati^^^^) A {A-^,+,V^dz, A dz,) 
holds on A" n{M -B). □ 
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Remark 2.3 Let flp be a volume form of Poincare growth on {M,B) with M 
compact. If for every poly disk A" as in Definiton \2.2\ the function c(z) above is 
on A", then — Ricfip is of Poincare growth in the sense that there exists a 
positive constant C such that 

(2.16) -C -ujp^-mcVLp^C -uop, 

where ujp is a Kdhler form of M — B with Poincare growth. This is standard 
and is easily verified by direct calculation, q 

Then we have the following lemma. 

Lemma 2.4 There exists a positive integer mo such that h^'^'^^ is a singular 
hermitian metric on the line bundle f^OY{mQ\Kx/Y)** such that with respect 
to a local holomorphic frame 

(2.17) hL,,^^0{{-\og\aD\Y) 

holds, where ao is a local defining function of D and q is a positive integer. And 
the curvature ^/—l ^fiL^^y ^s dominated by a constant times a Kdhler form cup 
with Poincare growth on Y\D. q 

Remark 2.5 Besides ^2.17\ l, we see that /iL^/i- bounded from below by a 
smooth metric on Lx/Yj since ^L^/r ^'^s semipositive curvature in the sense 
of current f\Ka^ . \Ka3[ p. 174, Theorem ^-l])- This fact is essentially due to the 
theory of variation of Hodege structures, q 

The estimate of h^^^^ in Lemma [2.41 follows from [Kalj which uses the theory 
variation of Hodge structures due to W. Schmidt ( [Schj ). And the latter estimate 
of Qhr follows from the fact that holomorphic sectional curvature in the 
horizontal direction of the period domain is dominated by a negative constant 
( [G]l and the Yau-Royden Schwarz lemma f [Y21 ?]). 

In this sense hhx/y very close to a smooth metric. To smooth out h^^^^, 
we take a finite open covering U := {Ua} oi Y such that every Ua is bi- 
holomorphic to the open unit ball in C" with ceneter O via the coordinate 
Za = (-Zq7 • • ■ J ^q)- Taking lA properly, we may and do assume Za is a holomor- 
phic coordinate on a larger open subset Ua which is biholomorphic to the open 
ball with radius 2 in C" with center O via Za ■ Let Hq be a C°° hermitian metric 
on the Q line bundle Lx/y- We set 

(2.18) ^:=log^. 

Let /9 be a C°° function on C" such that ^ p 1, suppp is contained in the 
unit open ball in C" with center O and 

(2.19) / p{z)d^l{z)^l, 

where d^ is the usual Lebesgue measure on C". For every < (5 < 1 we set 

(2.20) p,{z) = 5-^''p{z/5). 
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We shall take a molification (pa^s of ip\Ua using the convolution with the molifier 
PS as 

(2.21) Lpa^& := {f\Ua) * PS 

with respect to the coordinate Zq,. Since Zq is a holomorphic coordinate on 
Ucn fa.s is a well defined C°° function on Ua for every < (5 < 1. Then 1^90.^5 
converges to Lp in L-'^-topolgy on Ua and compact uniformly in C°°-topology on 
Uc\D as (5 i 0. 

Let {0a} be a partition of unity subordinate to U. We set 

(2.22) hLx/Y,s ■= exp(^ 0a • ipa,s) ■ ho. 

a 

Then h^^^^j is a C°°-hermitian metric on Lx/y and there exists a positive 
constant C independent of 5 > such that 

(2.23) y^e,,^^^, ^C-o^p 

holds. In general h^^^^^g does not have semipositive curvature. But by the 
construction, there exists a continuous function e{6) on Y such that 

(2.24) V^eH,^^^^,^-e{S)-u;p 
and 

(2.25) lime((5) = 

SIQ ^ ' 

holds uniformly on Y. 

2.3 The construction of the canonical Kahler currents 



In this subsection, we shall prove the existence of the current uiy satisfying 
without assuming the finite generation of canonical ring ( [B-C-H-M] ). This 
result is slightly weaker than Theorem 11.51 But the same strategy works to 
construct canonical Kahler-Einstein currents on LC pairs (cf. [T6| ) . Hence the 
following theorem has independent interest. 

Theorem 2.6 In the notations in Section 2.1, there exists a closed positive 
current uy on Y such that 

(1) toy represents 2iTCi{Ky + Lx/y) ■ 

(2) Hk ■■= n\ [toy ai,^ ■ /iL^/5,(n = dimF) is an AZD of Ky + Lx/y, where 
^Y.abc denotes the absolutely continuous part of LUy . 

(3) ujy = V-lQ/iK holds on Y . 

(4) — RiCj^-^ + \/ —1 Qlx/y ~ holds on Y in the sense of current, where 
Ric^^ := V^Saiogtj^^t^. □ 
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The proof of Theorem 12.61 depends on the monotonicity lemma (Lemma 12.71) . 

Let mo be a sufficiently large positive integer such that for every m ^ mo, 
itiI{Ky + Lx/y) is a Cartier divisor on Y and \ml{KY +Lx/y)\ gives a birational 
embedding of Y. Let n„i : Y,n — > Y he the resolution of Bs \m\{KY + Lx/y)\ 
such that for every m > mo 

(2.26) TTrn : Y^ r 
factors through 7r,„_i : ^m-i — * i^- Let 

(2.27) /^m ■ Yjji > Y^—i 

be the natural morphism. Here we may and do take /im : Ym — > Ym-i such that 
the exceptional divisor of tt™ is contained in ■n^{V). This is certainly possible 
by the definition of V . Hence we have an (possibly infinite) tower 

(Z.ZS) ■ ■ ■ — > Im+l — > — > — > ' ' ' 

In the following proof, we shall consider this tower. But by the recent result 
on finite generation of canonical ring f [B-C-H-^ l we may avoid to consider an 
infite tower. Namely we just need to consider one sufficiently large mo. This 
certainly simplify the proof. The reason why we do not use the finite generation 
of canonical ring is that it is not essential from the analytic point of view and 
one may extend the theory to the case of LC pairs (cf . [TSj ) • Let 

(2.29) TT;^\m\iKY+Lx/Y)HP^\+F^ 

be the decomposition of 7rj^ | m\{KY + Lx/y) I into the free part \Pm\ and the 
fixed component Fm- Let V be the analytic subset of Y defined by: 

V := {y e r° I y G n„,>oBs|m!(ii:y + Lx/y)\ or 

^\m\(KY+Lx/Y)\ i^ ^'^^ embedding around y for m >> mo} 
U{the discriminant locus of /}. 

By taking a suitable modification of y, we may and do assume that V \s a. 
divisor with normal crossings. 

There exists an effective Q-divisor E„i on Ym respectively such that the 
foUowings hold for every m ^ mo. 

(1) Pm- Em is ample on Ym- 

(2) All the coefficients of Em are less than 1, i.e., [£',„] = 0. 

(3) SuppEm^TTmHV). 

(4) ((m + iy.)-\Pm+i - Em+i) - /<„+i(m!)-i(P™ - Em)) is effective. 

The existence of such {Em} follows from the definition of V and the trivial fact 
that for any composition of successive blowing ups 

: P-^ 

of a projective space P" with smooth centers, there exists an effective Q-divisor 
B supported on the exceptional divisors of nj such that w*0{l) — B is ample. 
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Hence by taking a suitable successive blowing ups with smooth centres over V, 
if necessary, we may assume the existence of such effective Q-divisors {Em} by 
considering the image of Ym by the morphism associated with \Pm\ from Ym 
into a projective space. 

After taking such a sequence {i?m}, we replace {Em} by {2^™i?m}. Then 
it has the same properties as above. And we shall denote {2^™£'„j} again by 
{E,n}- Then insead of (4) we have 

(2.30) (4)' iim+iy.)-\Pra+l-Era + l)-fJ.*m+iiml)-'{Pra~Em)) is cffcCtivC 

and contains em{'^mXi^)red for some positive number £„. 

Let be a C°° hermitian metric on tt ;,((to!)-1(P„ - Em)) with strictly 

positive curvature. We note that by (|2.30p is getting less singular as m 

tends to infinity and is strictly less singular than along V (if we 

consider the metrics as singular hermitian metrics on Ky + Lx/y)- Then 

(2-31) ^m,5 := h'^m) ■ (KiIt-Lx/y.s) 

is considered as a degenerate volume form on Ym, where {hLx/Y,s} is the 
smoothing of the Hodge metric hL^/Y ^ i'^ Section [2?2l We note that il^^^^ • 
{T^mhLx/Y,s)~'^ = h(m) is a metric with algebraic singularities on Ky + Lx/y- 
Now we shall consider the equation : 

(2.32) (-Ric Um.s + V^^n^h,,^ s + V^ddum,s)'' = ^^.s ' e"'-^ 

A/ Y ■ 

on Yjn- Then by the definition (12.31p of Qmj, (12.32p is equivalent to 

(2.33) (\/=^0/.(,„, + V^ddum.sT = ^m,5 ■ e""-^ . 

Then since \/~10ft,(„i) is a C°° Kahler form on Ym by |Y1[ p. 387, Theorem 
6], solving (Hm, we see that there exists a Um s € C°°(r„\7r-iF) and the 
closed positive current: 

(2.34) LJm.S ■■= -Ricrj„i,5 + V^Ki'^hL^,^ s + V^ddum.s 

on Ym such that 

(1) -Ric^,^ s + \/-T<nQ'ii,^,^ 5 = ^o^^s On y„i - SuppE^m, 

(2) The absolutely continuous part uJm,s,abc of i^m.^ is closed and represents 

2TT{ml)-\Pm-Em), 

(3) {Trm)*^7n,s represents the class 2Trci{Ky + Lx/y), 

(4) There exists a positive constant C{m,5) such that 
(2.35) \um,s\SCim,S) 
holds on Ym- 
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Here we note that 

(2.36) - Ric nrn,s + V^<^eh,^^^,s = V^Qh^„ 

holds, hence it is independent of S. If we set 

(2.37) c^(™) :-\/^e„,„,, 
then the equation is transcripted as : 

(2.38) logTT^ = log- ' ' - 



Let us consider {w^ ^} as a sequence of volume forms on And we shall 

identify (7rm)*'j-'m,5 with LUm^s on Hereafter we shall identify Y\V with 

a Zariski open subset of y,„ for every to and consider everything on Y\V (if 
without fear of cofusion) . Then by the maximum principle we have the following 
monotonicity lemma. 

Lemma 2.7 (Monotonicity Lemma) 

(2.39) ^ u;:,+,^s 

holds on Y\V . q 

Proof of Lemma\Kl\ We note that by the construction the foUowings hold. 



(1) The absolutely continuous parts of uj„i.s and ujm+i.s represent 27r(TO!) ^{Pm 
Em) and 27r((m + l)!)"i(P,„+i - E„-,+i) respectively. 

(2) ^Ji*^^^{[m\)-\Fra + Era)) - ((w + 1) !) " ^ (^^,„+i + Em+i) is effective and 
contains em{T^^nj^iV) for some positive number £„. 

We note that by the boundedness of Um,s and Um+1,5 (cf. (|2.35p ) and the 
equation (|2.38p . we see that the asymptotics ot lo^s ^^"^ ^m+is ^^^^ ^ 
the same as fim.iS and ^m+i,s respectively. Since by the condition (2) above, 
VL„i^s/^m+i.s tends to toward V, the function (j)rn,s defined by 

(2.40) 0„,5:=log- 



tends to —00 toward V . Hence there exists a point G Y\V where (pm^s takes 
its maximum. Then 



(2.41) V-1990™,5(p™) ^0 
holds. By the equation 

(2.42) - Ric„ + V^K^h,,^,, = (^k.s, (fc = TO, m + 1 



X/Y 



((TiT|) implies that 

(2.43) UJrn,s{Pm) ^ i^m+l,s{Prn) 



*Since we consider Wrn.S a-s a current, it seems to be more autlientic to denote a;J^ g 
instead of lOm.S- But we consider the eqation {[?]) on Y\V. 
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holds. In particulat 4'm,siPm) = holds. Hence by the definition ofp„j. this 
implies that (j)m,s = holds on Y\V. Hence lj^ g ^ ^m+i s holds on Y\V. This 
completes the proof of Lemma 12.71 q 

Now we shall consider the uniform C'^-estimate on every compact subset of 
Y\V. Let us fix a positive integer s ^ rriQ and let 

be the Kahler form defined as (|2.37p . We shall use h^^g-^ and as standards 
in the following estimate. For every m > s, let Vm.s be a C°°-function on Y\D 
defined by 

(2.44) Vra.S ■■= U,n,S + log ^^'^ 



h(m) 



Then 

(2.45) u}m,5 = i^{s) + ^/~^ddv^^s 
and 

(2.46) log ^ = v^.s 

hold. By the condition p.30p . we see that for every m > s, log(/i(s)//i(,„)) tends 
to +00 toward V . And by the boundedness of Um,s (cf. (|2.35p ). wc have the 
estimate: 

(2.47) - C(m, 5) + log -J^ ^ v,r.,5 ^ C{m, S) + log 

"(m) "(m) 

where C'(rn,6) is the positive constant as in ()2.35p . Hence Vm^s tends to +00 
toward V. This implies that there exists a point po E Y\V, where Vm,s takes 
its minimum. Now we note that by (|2.46p . 



(2.48) log — = / A(^s,m,5,t)Vm,5 dt = Vm,S " log 

hold, where ^(s.m,s.t) denotes the trace of ^/—\ddvm,5 with respect to the Kahler 
form: (1 — t)a;,„ .5 + tti'(s). Hence by the minimum principle, 

(2.49) ^,^,(po) ^log-^(po) 
holds. 

On the other hand, by (|2.3ip and the definition of hx/Y.5{c^- (??)), ^s,5 
tends to toward V. Hence there exists a positive constant C_(s) independent 
of 5 such that 

(2.50) minlog-^(y)^C_(s) 

yeY iisA 
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holds. By (P3D|) and (EHH]), we see that 

(2.51) t;„,,5(y) ^C_(s) 

holds for every y G Y\V. By the definitfon of Vm,s (cf. (12.44^ ). we have that 

(2.52) u^,s^\og'^ + C-{s) 

holds. Replacing s hy t > s, for m > t > s we have 

^log^ + C_(i) 
h(t) 

and hence by (|2.44p . we obtain the following lemma. 

Lemma 2.8 There exists a positive constant C^(t) depending only on t > s 
such that for every m > t 

(2.53) v^.s^log'^ + C^it) 

holds. In particular Vm.s tends to infinity toward V . q 

On the other hand, we obtain the upper estimate of Um,s as follows. We may 
and do assume that 1^ is a divisor with normal crossings. Let Qp he a volume 
form on Y\V with Poincare growth, i.e., for every polydisk A" in Y such that 

(2.54) A"nl/ = {(zi,-- - ,z„)G A'>i...zfc = 0}, 

\dzi A • • • A dzn\'^ 



(2.55) np=c 



ntik.i(iogk.p)^ 



where c is a positive C°° function on A". Such a. Hp can be constructed easily 
by using a partition of unity. We set 

(2.56) u,n,5 := u,n,s + log 

itp 

By the condition ()2.30p and the boundedness of Um,s, there exists a point pg on 
Y\V such that Um,s takes its maximum at p'^. Then since 

(2.57) log — = U,n,S + log — = 

hold, at p'q we have that 



(2.58) ^Odlog^{p'o)^0 



ftp 

holds. Hence we have the inequality: 

(2.59) -Ric^„ , ^ (-Ricr!p)(p;,) 
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By the equation: 

(2-60) - Ric^„_, + V^O/i^^^^ , = Um,5, 

we see that 

(2.61) ^m,5{Po) ^ -Ric^ip + V^Qh 
holds. In particular, 

(2.62) Lo:^^M) ^ i-RicQp + V^eh,^^^,Xip'o) 
holds. This implies that 

(2.63) Um,5 = '«m,5 + log -TT S log (pg) 

lip lip 



holds on Y. By the construction of h^^^^^s. Lemma \2A\ and Remark 12.31 there 
exists a positive constant C+ independent of J such that 

(-Ricl7p + J" 

(2.64) ^ ^4 ^^^^ ^ exp(C+) 

lip 

holds on Combining ([^^ and we have that 

(2.65) ^^^^c^-log^^ 

ilp 

and 

(2.66) e"--^f]™^5 ^ exp(C+) • Qp 
hold on y. 

On the other hand by the definition ()2.3ip and the definition of the smooth- 
ing {fiLx/Y^s} (|2.22p . there exists a sequence of positive number {e{S)} such 
that 

(1) lim5-^oe(^) = holds, 

(2) For every < X < S, the inequality: 

(2.67) Qmj S [1 + ei6))nra,x 
holds. 

Then for < A < (5 by (fT^ 

(2.68) log ' ' — = log — ^ + {Um,X - Um,S) 

holds. We note that 

(2-69) log ' ' — = / Af (u™,A - u,n,s) dt, 

(^(m) + V^^OOUrn.Sr J a 
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where At denotes the Laplacian with respect to (1 — t)LOm,\ + t^m,5- Then by 
(|2.68p . (|2.69p and the maxhrium principle, we see that 

(2.70) Um,\ - Um,5 S - nrinlog < log(l + e((5)) 

holds on Y. This argument is not quite right, since u^.x, Um,s are not on Y 
(although they are bounded). 

To justify the argument we proceed as in the proof of [p. 387, Theorem 6] |Ylj . 
i.e., we shall consider the perturbation of the equation ()2.38p . By the construc- 
tion of ^m,s (cf. (|2.3ip ) the 0-locus of VLm,5 is the divisor {TT^V)red with normal 
crossings on Ym- Let {n*j^V)red = J2 vj™^ be the irreducible decomposition. Let 
us write Qm s as 



(2.71) an,A-= nil^^^ll'^M'^ 



m,(5 5 



where Qm.s is a nondegenerate C'°° volume form on and || tj || denotes the 
hermitian norm of a holomorphic section Tj of the line bundle Cy„ (V,-^'"'') with 
divisor V^.^'"-' on Y„i with respect to a fixed C°° hermitian metric and {aj} are 

^ ,1 Tj I can 



positive rational numbers. We may and do take the factor (jj 

be taken independent of 6. Now for < £ << 1, we shall consider the perturbed 
equation: 

(2-72) log — = u™,5(e), 

"m,5(£) 

where r2m_5(£) is a C°° nondegenerate volume form on Y defined by 

(2.73) n^,s{^) - I^J^dl T, f +e)"^ j • n^^s- 

Then (|2.72p has a unique C°°-solution Um.s{s) and 

(2.74) Ujn,s = lim-u„i,5(e) 

eio ' 

holds as in [Yll p. 387, Theorem 6] in the C^-norm with respect to the Kahler 
form on Ym- Then replacing Um,\, Urn,s by Um,\ie),Umj{£) repsectively 
and letting e | 0, we may justify p. 701) . Since {um,5} is almost monotone 
decreasing as 5 | as (|2.70p . we have that 

(2.75) dK« := ^Hme""-^a„,5 

n! sio 



exists and by (|2.38p . we have 



(2-76) dV^ = — limw;^, A „f,c 



1 

n! Tio' 
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holds on Y. Wc note that 



Y 



holds. By (|2.66p and the Lebesgue's bounded convergence theorem, we see that 

1 /■ _ 1 
(2^ Jy ^ nl{mlY 



holds. We set 

(2.78) LUrn limUJmX 

<5iO ' 

in the sense of current and 

(2.79) hm:=dV-^ -hL^^,^. 

Then hm is a singular hermitian metric on Ky + Lx/y with semipositive curva- 
ture in the sense of current by (|2.32|) and ()2.38|) . But also wc may consider h„i 
as a singular hermitian metric hm on (rnl)~^{Pm — E„i) by the natural inclusion 

OY^iilnUrnKPrn - E^))) ^ Oy„ (£! <„(TO!(ify + L^/y))), 

where ^ is a sufficiently large positive integer such that £lTT^{ml{Pm ~ E,n) is 
Cartier. Now we introduce the following notion. 

Definition 2.9 Let M he a projective manifold of dimension n and let (L, h^) 

be a pseudoeffective singular hermitian line bundle on X . We define the number 
ti{L,hL) by 

n{L,hL) := n\ lim sup m-''h°(M,OM{mL)(g> I {h'^)) 

m — >oo 

is called the volume of (L^Hl). q 

Remark 2.10 This definition is easily generalized to the case of singular her- 
mitian Q-line bundles, q 

Suppose that the Lelong number ) of 10^ satisfies the in- 

equaity: i/(-\/— f 6^ ,2/m) > c for some y„i G and a positive number c, 
then by the basic property of the Lelong number, we see that 

(2.80) J(/if:),„ C mLf 

holds for every sufficiently large £, where triy^ denotes the maximal ideal at ym- 
Hence the strict inequality 

(2.81) ^l{{m\)-\Pra-E„-,),hr,^) < (m! ) (P„ - S„ )" 

holds, where /i((m!)~^(Pm — Em),hm) denotes the volume of {{ml)^^(Pm — 
Em),hm) (cf. Definition 13.31 below) . On the other hand 

(2.82) ^^((^!)-i(p„ /j,„) 
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holds by (|2.77p and a theorem of Boucksom ( \Bo[ Proposition 3.1]). By the 
equahty (PT7|) . ((TS^ contradicts JMH). Hence j/(V^6^,„) is identically 
and hence hm is an AZD of (m!)^^(Pm — Em)- By Lemma [2.71 we see that 
{dVm} is monotone increasing in m on y, hence {hm} is getting less singular as 
m tends to infinity as metrics on Ky + Lx/y- Then by ()2.66p and Lebesgue's 
bounded convergence theorem, we have the following lemma. 

Lemma 2.11 

(2.83) dVy := ^ lim dV,n 

Jll rn — >oo 

exists as a degenerate volume form on Y. And if we define the singular hermitian 
metric hx on on Ky + Lx/y by 

(2.84) hK-.^dVy' -hL^^^, 

then hK is an AZD of Ky + Lx/y- □ 
By the construction of LO„n 

(2.85) - Ric^„ + ^/^Tl*mQhr,_^ = UJm 

A/ r 

holds for every m ^ 1 . Then by (|2.85p and Lemma 12.111 if we set 

(2.86) UY-V^^h^, 

then ujy ■= linim^ooWm holds and ujk is a closed positive current on Y. More- 
over 

(2.87) cj^ = lim oj^ 

m^oo 

holds on Y\V by the definition. Hence ljy satisfies equation: 

(2.88) - Ric^^ + V^Qh,^^^ = u;y. 
This completes the proof of Theorem 12.61 □ 

2.4 Regularity of the canonical Kahler current 

Here we shall prove Theorem 11.51 by using the recent result on the finite gen- 
eration of canonical ring ( [B-C-H-M] ) . By Theorem 12.61 we only need to prove 
the C°° -regularity of hx and ojy on a nonempty Zariski open subset of Y. 

The proof here is more or less parallel to the existence of the singular Kahler- 
Einstein metrics in |Sul IT4j and is based on [Yl] and the idea in |TOj . But since 
the Hodge metric h^^^^ is not of algebraic singularities, we need to consider 
the smoothing of the Hodge metric. This is the major difference. We continue 
to use the notations in Section 2.3 Let us start the proof of Theorem 11.51 By 
jB-C-H-M] . we see that the canonical ring R{X,Kx) (cf. p.l6p ) is finitely gen- 
erated. Then by the definition of Lx/y, we see that R{Y, Ky + Lx/y) is finitely 
generated also. Hence this implies that the tower (|2.28p above can be taken to 
be finite. Here we shall assume that (I2.28P is a finite tower. Moreover taking toq 
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sufSciently large, we may assume that : Y„i — > Y^-i (cf. (|2.27p ) is identity 
for every m ^ toq and 

(2.89) P = -^Pm 

ml 

is independent of m. Moreover we may and do assume that Y„i ~ Y holds for 
all TO. In this case, only Em varies and we may assume that Em is of the form 

(2.90) Em = ^E, 

where is a fixed effective Q-divisor supported on V such that P — E is ample. 

Next we shall fix a C°° hermitian metric with strictly positive curvature 
on {m\)~^ {Pm — Em) as in Section 2.3. Let hp be a C°° hermitian metric defined 
by the pull back of the Fubini-Study metric on the hyperplane bundle on via 
the morphism $|p„j, \ -Y — > and let ho be a C°° hermitian metric on P — E 
with strictly positive curvature on Y . And we shall take in the previous 
section as 



(2.91) h(^m) hp - hg'-'-'- . 
Let us fix s ^ mo as in the Section 2.3. 

By ()2.52p and (|2.65p . we see that there exists a positive constant Cq inde- 
pendent of m and S such that 

(2.92) j^\umA^U<^o 
holds. Then since 

(2.93) W(,„) + ^/^ddum,s 

is a closed positive current on Y and W(,„) is a C°° Kahler form on Y , Um,s is 
an almost plurisubharmonic funtion on Y . By the sub- mean- value inequality 
for plurisubharmonic functions, we see that by ()2.92l) there exists a positive 
constant Cq such that 

(2.94) Um,S S Cq 

holds on Y. 

By Lemma [THl ()2.94p and (12.44p . we have the following lemma. 

Lemma 2.12 Let s < t < m be as above. Then there exists a positive constant 
Co independent of m and 5 such that for every S > 0, 

(2.95) - C_ (t) + log ^ ^ vm,s ^ Co + log ■'^^'^ 



"(t) "(m) 

hold on Y\V , where C-{t) is the constant as in V2. 5!^] in Lemma \z.oi q 

Now we shall estimate the C^-norm of {vm,s\s>o on every compact subset 
of Y\V. 
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Lemma 2.13 (IWi p. 127, Lemma 2.2])) We set 

(2.96) /:=log-M. 

Let C he a positive number such that 

(2.97) C+ mf i?„a/3/5>l 

holds on Y , where Raafip denotes the hisectional curvature of uj(s). 
Then 

(2.98) e^""-^ A,„,a(e-^'^'"'^ {n + A, Vr,^,5)) ^ (" + A, v„,,s) 



+A, ( / + log ^ ) - (n + M R^^^p) 



-C-n{n + As Vm^s) + in + As v,n,s)''-^ ■ -exp 7(«m,5 + /) 

V hs) J V " - 1 

holds, where As denotes the Laplacian with respect to ijJi^s) {i-e-. As — traceui^^^^/—! 
and Am,s denotes the Laplacian with respect to ujm,s- □ 



We note that in Lemma [2.13| C > does not depend on m and 6, but C depends 
on s (more precisely infa^/^R^^p^). 

Lemma 2.14 For any choice o/C > satisfying \2.97) , m and S , there exists 
a point j/o G Y\V where e"'^"™-'' (n + Avm.s) takes its maximum. |— | 

Proof By Lemma O above (cf. dUS])) 

v^,s^\og^ + C^{t) 
h(t) 

holds. We note that for every t > s, /i(s)/^(t) has pole of positive order along 
V by the condition (|2.30p . Hence by the lower estimate Lemma o-Cv„ 
tends to toward V. More precisely 



(2.99) ^ exp(-C_(t)) 



h(s) 



holds on Y\V. On the other hand, we have that \/—lddvjn.s is bounded with 
respect to the Kahlcr form ijJ(m) on Y as in [YH p. 387, Theorem 6], hence also 
with respect to W(s), since both Ci^(m) and uj(^s) are Kahlcr forms on Y by the 
assumption. Hence for any C > satisfying (|2.97p . for every m and 5 

(2.100) e-^""'^ (n + AsV^j) = 0(1) 
holds on Y and 

(2.101) ^lirn^ (e-^""'^ (n + AsVm,s)) (y) = 



28 



holds. Hence for any C > satisfying (|2.97p . for every m and S there exists a 
point yo € Y\V where e^'^"™ ''(n + Avm,s) takes its maximum. This completes 
the proof of Lemma [TT3]|--| 

Here we have used the fact that the Monge- Ampere equation (|2.32p of u^.s has 
algebraic singularities[f|. Then by Lemma l2.13l we have the following lemma. 

Lemma 2.15 If we take C > satisfying \2.9T^ , then there exists a positive 
constant C'2 independent of m and S such that 



(2.102) 



holds. |— I 

Proof. By the maximal principle, we have 
(2.103) 



(n+As Vm,s{yo))+As / + loi 



h 



("') 
Hs) 



{yo)-{n+n^ inf i?„a««)-C-n(n+As w„,5)(yo) 



+ {n + As Um, 5(1/0))' 



{yo) ■ exp -v„i,s + f {yo) ^ 



n- 1 



holds. Then we see that there exists a positive constant C3 independent of m 
and d such that 



(2.104) 



n + As Wm, 5(2/0) ^ ^3 1 + 



A. / + log 



h(s) 



{yo) 



holds. Since / is C°° on Y and by the definition of h(^„i) (cf- (|2.9ip ). there exists 
a positive constant C4 independent of m such that 



(2.105) 



A, log 



< CU 



holds on Y. Hence by (|2.104p . we see that there exists a positive constant C5 
independent of m,(5 and yo such that 



(2.106) 



n + AsVm.5{yo) ^ C's 



holds. Next we shall consider the factor e"*-^"™ ''^^°^. We note that for every 
t > s, h(^s)lh{t) has pole of positive order along V by the condition (|2.30p . 
Hence by the lower estimate Lemma 



tends to toward V . Then 
by the C°-estimate Lemma [2.81 we see that there exists a positive constant Cg 
independent of m and 5 such that 



(2.107) 



1 



A J / + log 



<Cfi 



holds on Y\V . Combining (|2.104p and (|2.107p . by the definition of j/o, we com- 
plete the proof of Lemma 12.151 q 



^By the definition 112.311 1. n„ ^ has algebraic singularities 
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Let us take C > satisfying (|2.97p as in Lemma 12.131 By Lemma 12.151 and 
the defnition of yo 

(2.108) e-^"-Hn + AsV^.s) S e-^"-^(^«)(n + A^v^M) ^ C2 
hold. Hence by (|2.108p we have the inequality : 

(2.109) O^n + A, v„,,s ^ exp(C • v^^s) ■ C2. 

Estimating exp(C ■Vm,s) from above by Lemma [2. 121 (|2.109p implies that there 
exists a positive constant C7 independent of m and 5 such that 

(2.110) n + AsVm,5^C7{^f 

holds on Y\V . Applying the general theory of fully nonlinear elliptic equa- 
tions ( Trj), to the equation (|2.46p . we get a uniform higher order estimate of 
{vm,5\s>o on every compact subset of Y\V . Hence there exists a sequence {^j} 
with 5j I as J tends to infinity such that 

(2.111) LOm := lim uj^.S, 

exists in C°°-topology on every compact subset of Y\V . By using the diagonal 
argument, we may take independent of to. Then 

(2.112) LUjn ■= t^(s) + \/~^ddVm 

satisfies the equation : 

(2.113) \og-^ = v^, 
on Y\V , where 

(2.114) /i-^ . hL,^^ 
and hence 

(2.115) - Ric^„ + V^Qh,,^ = 
holds. 

Let hmin be an AZD of Ky + Lx/y with minimal singularities as in Section 
[Olfcf. Definition [O]). We set 



(2.116) n^^n KL ■ h 



Then we have the following uniform C^-estimate for {um}- 

Lemma 2.16 There exists a positive constant C such that for every m > s 

(2.117) ^„^c + log%^ 



holds on Y . 



□ 
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Proof of Lemma \2.16[ Since 



(2.118) - Ric^„ + V^Gft. = uj^ 
holds, we see that 

(2.119) uj^:,, - 0(r!™m) 

holds by Definition 11.31 Hence by the uniform upper bound p.66p and Lemma 
12.71 we see that there exists a positive constant C such that 

(2.120) „„^C + log^ 
holds for every m > s. q 

Let dVy be as in in Lemma [^Hl We set 

, n\ ■ dVy 

(2.121) „:=iog_-2:. 
Then by Lemmas and 

(2.122) ujy = + \/~^ddv 
satisfies 

(2.123) = e" . f],. 

By Lemmas 12.131 12.71 and 12.161 we see that taking a suitable subsequence 
{mfe}, if necessary, we may assume that 

(2.124) V = lim v^^ 

k — >CXD 

holds in C°°-topology on every compact subset of Y\V . Then by the above 
construction (cf. (|2.115p ) 

(2.125) - Ric^^ + ^^^Qh,,^ = 
holds on Y\y . 

Let us define the singular hermitian metric on Ky + Lx/y by 



(2.126) hK := {dVy)-^ ■ Hl^,^ = nl ■ (e'' . ^s)-^ ■ hi 



X/Y • 



We shall check Hk is an AZD of Ky + Lx/y- First it is clear that V—lQhK 
is a closed semipositive current by (I2.125P and the C°-estimate: Lemma 12.161 
We note that all the coefficients of Em is less than 1 by the construction. Then 
by the construction every global holomorphic section of ml ■ Tr^iKy + Lx/y) is 
L^ integrable on Y with respect to h^'^^^ ' (.^m)~^"^'~^^ by the Monge-Ampere 
equation of Um and the almost boundedness of u„i . Then by the monotonicity of 
{^nis} (Lemma l^T)) . we sec that hx — {dVy)~^ -hLx/y an AZD of Ky+Lx/y- 
This completes the proof of Theorem 11.51 except the uniqueness of the canonical 
semipositive current. The uniqueness is the direct consequence of Theorem 1 1.71 

□ 



31 



2.5 Generalization to general adjoint line bundles 

In the proof of Theorem 1 1.51 we have not used the property of the Hodge bundle 
Lx/Y (cf- ll.20p except the Poincare growth property of the curvature of the 
Hodge metric hx/v (cf- (|1.2ip ). Hence without changing the proof, we have 
the following variant of Theorem 11.51 

Theorem 2.17 Let Y be a smooth projective n-fold and let {L, h^) be a Q-line 
bundle with C°° metric with semipositivd curvature. Suppose that Ky + L 
is big. Let U be the Zariski open subset of U defined by 

(2.127) U := {j/ G y||m!(ii'y + i)| is very ample around y for m » 1}. 

Then there exist a closed positive current LOy on Y such that 

(1) There exists a sequence of closed positive currents {uJm} such that uim\U 
is C°° and satisfies the equation 

(2.128) - Ric^„ + V^e,,^ - 

holds on U and 



(2.129) ujy = lim ojm 

m — >oo 

in the sense of currents. 

(2) 

(2.130) haan ■■= (^l-^ U;^,ab)j ' 

is an AZD of I'Cy + L. 
Moreover if the log canonical ring 

(2.131) R{Y, a{Ky + L)) = ®^^oT{Y, Oy{ma{KY + L))) 

is finitely generated, then uy is C°° on the Zariski open subset U , where a is 
the minimal positive integer such that aL is a genuine line bundle, q 



3 Proof of Theorem 11.7 

Let f : X — > Y he the litaka fibration and let {Lx/y,hL^^y) be the singular 
hermitian Q-line bundle on Y as in Theorem 11.51 Let ojy be the canonical 
Kahler current on Y (cf . Definition II. 6p . Then there exists a nonempty Zariski 
open subset U oiY such that usy is a C°° on U and 

(3.1) - Ric^^ + V^OhL^^^ = ojy 

constructed in Theorem 11.51 

Let mo be the sufhciently large positive integer, M be a effective Cartier 
divisor such that A := mQ\{Ky + Lx/y) — M is sufficiently ample as in Section 
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11.81 Let Ha be the C°°-hermitian metric on A. Hereafter we shall consider Ha 
as a singular hermitian metric on mQ\{KY + Lx/y) by identifying Ha with 

(3.2) hA/\TM?, 

where tm is a global holomorphic section of Oy{M) with divisor M. Let 
{Km\m>mo\ ^^"^ dynamical system of Bergman kernels as in Section 11.81 
Let {hm\rn>mo\ Corresponding dynamical system of singular hermitian 

metrics defined by 

(3.3) h,n ■■= K-^' 
as in Section [L^ . 

Now we shall prove Theorem 11.71 Let dVV = '^^Yabc ^'^ ^^"^ volume form 
associated with {Y,ujy)- This dVy is the same as the volume form defined as 
by the proof of Theorem O 

Lemma 3.1 

(3.4) limsup hL^^^ ■ V(m!)-"if™ ^ (2^)-"dVV 

m — ^cxD 

holds on X . ^ 

Proof of Lemma \3.1\ First we shall assume that Lx/y is a genuine line bun- 
dle on Y for simplicity. If Lx/y is not a genuine line bundle, we tensorize 
{aLx/Yi ^Lx/Y^ every a-steps instead of tensorize (Lx/y^ f^Lx/v) every step, 
where a is the least positive integer such that aLx/Y is Cartier. But of course 
this is a minor technical difference. Hence we shall give a proof assuming that 
Lx/Y is Cartier. The general case is left to readers to avoid inessential compli- 
cation. 

Let us consider the (singular) hermitian line bundle {Ky + Lx/yi dVy^ '^Lx/y) 
on Y. Let ?7 be a nonempty Zariski open subset of Y such that uiy\U is a C°° 
Kahler form. Let p G U he a point. Then by the equation p.22p . there exists a 
holomorphic normal coordinate {U, zi, • • • , z„) of {Y, ojy) around p and a local 
holomorphic frame e^^^^ of Lx/y on U such that 
(3.5) 

n 
i=l 

and hLx/Yi^Lx/Y^^Lx/Y)ip) = 1- Suppose that 

(3.6) c„..i • ■ . /izl7;"""'^ = ^"-1 

holds on Y for some positive constant Cm-i- We note that 
(3.7) 

Kmiy) = sup{| a |' iy);a e H°{Y,OY{m{KY+Lx/Y))),{V^T' [ hm-i-aAa 

J X 

® Please do not confuse hm in Section 2 
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holds for every y G y, by the extremal property of the Bergman kernel 0. We 
note that for the open unit disk A = {<eC| |i|<l}, 

(3.8) / (1- I t n™dtAdf= 

J A TO + 1 

holds. Then by Hormander's L^-estimate of 9-operators, we see that there exists 
a positive constant A„j such that 

(3.9) (A„, • (27r)-" • m") • C„,_i • dV^^"-'""' ^ ■ Ha ■ 
with 

(3.10) A„^l--^, 
where C is a positive constant independent of m. 

In fact this can be verified as follows. Let y G F\(SuppM U V) and let 
{U,zi,--- ,Zn) be the normal coordinate as above. We may assume that U 
is biholomorphic to the polydisk A" (r) of radius r with center O in C" for some 
< r < 1 via (zi, • • • , z„). 

Taking r < 1 sufficiently small we may assume that there exists a C°°- 
function ponY such that 

(1) p is identically 1 on A"(r/3). 

(2) O^p^l. 

(3) SupppCC U. 

(4) I dp |< 3/r, where | | denotes the pointwise norm with respect to ujy- 

We note that by the equation (|3.5p . the mass of p ■ {dzi A • • • A dzn)™ ^ ^Tx/y 
concentrates around the origin as m tends to infinity. Hence by ()3.8p we see 
that the L^-norm 

(3.11) II p-{dziA---Adz^r<g>e^^^^ II 

of p ■ {dzi A • • • A dzn)™ (8) e™^^^ with respect to (dVV)^™ • ^Tx/y 
asymptotically 

(3.12) II p ■ {dz, A • • • A dz^r er_^^^ 2 

as TO tends to infinity , where means that the ratio of the both sides converges 
to 1 as to tends to infinity. We set 

n 

(3.13) ,^:=nplog^ I P . 

i=l 

We may and do assume that to is sufficiently large so that 

(3.14) {m~mo\~l)-LUY + V^<dhA+y^Qhr. , + V^ddcj) > 

X j Y 

^This is well known. See for example, IKrI p. 46, Proposition 1.3.16]. 
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holds on Y. We note that d{p ■ {dzi A • • • A (iz„)™ (81 e™^^^) vanishes on the 
polydisc of radius r/3 with center p as above. Then by (|3.12p .the L^-norm 



II d{p ■ {dzi A • • • A dz„)™ (g) e™ 



of d{p ■ {dzi A • • • A (iz„)™ (g) e™^^^) with respect to 

e^"^ • /lA • (dVr)^^"'"™°'~^^ d) /li™"""'^ and satisfies the inequaUty 
(3.15) 

3 \ r\'" / 27r 



a(p.((i^iA...Adz„r®e™^^J||^^Co-(^-j (1--) 2""(^ 



TO 



for every to, where Co is a positive constant independent of to. By Hormander's 
L^-estimate apphed to the adjoint hne bundle of the hermitian line bundle: 

(3.16) ((to - 1){Ky + Lx/y) + Lx/Y,e-^ ■ Ha ■ dtz-^™-™"'-^^ • h^-J^^"'-), 

we see that for every sufficiently large to, there exists a C°°- solution u of the 
equation ; 

(3.17) du ^ d{p ■ [dzi A • • • A dz™)" ® e'£^^^) 
such that 

(3.18) u{p) = 
and 

(3.19) II u A II d{p ■ [dz, A • • • A dzr^r ® e™^^ J ||^ 

hold, where II H^'s denote the norms with respect to e^"*-/iA-(iT/y 

/i™"^™"' and ujy respectively. Then p ■ {dzi A • • • A dzn)" ® ^Tx/y ~ " is a 

holomorphic section of tti^Ky + ix/y) such that 

(3.20) (p-(dziA- • •Adz„)"®e^^^^~7.)(p) = ((dzi A • • • A dz„)" ® e™^^^) (p) 
and 

(3.21) II p ■ {dzi A • • • A dz„)" ® e?^^^ - 7. 

3\'"+' A2" /, r\A /27r 



^(^1 + Co.^-j •V--(l--) 

Hence by the assumption of the induction (|3.6p and the extremal propety of 
Bergman kernels, this implies that there exists a positive constant C indepen- 
dent of TO such that 
(3.22) 

K^ip) ^ (^1 - . to" . (2^)-" . c„,_i • • /iziT;""'^ • (p) 

holds, since the point norm of {dzi A • • • A dzn)®"* (g) at p (with respect to 
hA ■ dVjJ*^™ • is asymptotically equal to 2"'". Then by induction 
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on m, using (|3.7p and (|3.9p . we see that there exist a positive constant C" and 
a positive intger mi > mo! such that C/^mi < 1 and for every m > mi 

(3.23) if™ ^ C ( n (l - 4) ) •(m!)'^(27r)-""^/.:,i./i-(";;"»').dVr-"'°' 
holds at p. Moving p, this imphes that 



(3.24) hmsup hL,^,^ ■ VH)^^ ^ (27r)-"rfVV 

m—>-oo 

holds on F. |--| 
Lemma 3.2 

(3.25) J hL,^, • ^ ( n (^fc +!))-■ (y '^Lx/. • 

^ fc— mo ^ 

/lo/ds, where Nk := dim | kiKy + Lx/y) \= dimH°{Y,Oy{k{Ky + Lx/y)))-l. 
□ 

Proof. First we note that the trivial equality: 

if. 



(3.26) / . — ^ = iV,„ + 1 

holds by the definition of Km and the equality hm-i — ^/Km-i- Then by 
Holder's ineqality, we have 



Hence we obtain the inequality: 

(3.27) ^ hL,^^ ■ ^ {Nra + 1)^ • (^^ hL^^^ ■ K±\ 
Continuing this process, by using 

(3.28) ^ h^,,, ■ K^, ^ {N„,-i + 1)^ • (^^ h^,^^ ■ K^, 
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we have that 
(3.29) 



holds. Continucing this process we obtain the lemma, q 



To estimate the growth of {Nm}m>mo\^ we introduce the following notion. 

Definition 3.3 Let L be a line bundle on a compact complex manifold M of 
dimension n. We define the volume /x(M, L) of M with respect to L by 



(3.30) ^l{M,L) n\ ■ lim sup m"" dim i?"(M, Cm (mi)). 

□ 

We note that Definition 13.31 can be generalized to the case of Q-line bundles in 
an obvious way. Using Lemma 13.21 we obtain the following lemma. 

Lemma 3.4 

j_ fi{Y,KY + Lx/Y) 



(3.31) limsup ] [ Hl^/y ■ {K,n) 

m^oo (m!) ™ Jy 



holds. Q 

Proof. By the definition of the volume ^{Y, Ky + Lx/y): 
(3.32) iV„, + 1 = My,^y+^x/r) ^„ ^ ^(^„^ 



n 



holds. Then by Lemma [372j we see that 

^■^Q^A r 1 [ u ^^ ti{Y,KY + Lx/Y) 

(3.33) hmsup- — / fi-Lx/i- ' (Km)"' ^ j 

m^oo (m!)™ Jy nl 

holds. Q 
Lemma 3.5 

(3-34) 77^^ [ 'IVy = [ (^^y^-bc) =^^^{Y,Ky + Lx/y) 



(27r)" Jy n\ Jy \ 2n 



holds. |— I 



Proof of Lemma \3.5\ Let \Pm\ be the free part of \7T^ml{KY + Lx/y)\, where 
7r,„ is the resolution of Bs|m!(AV + Lx/y)\ as in the last section (cf. (|2.26p ). 
By Fujita's theorem ([F, p. 1, Theorem]), we see that 

(3.35) lim (m!)-"P„", = fi{Y, Ky + Lx/y) 

m — >oo 

Then by (|2.66p . (|2.82p . Lemma [^771 and p.35p . Lebesgue's bounded convergence 
theorem implies that 

(3.36) h{Y,Ky + Lx/y) ^ J^'i^^ J ^^t^m,a6c^ = J (^'^^y^'^bc^ 
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hold. This imphes the lemma, q 



We note that by Lemma 13.41 and the submeanvalue inequality for plurisubhar- 
monic functions, {Hl^^^ ■ "y^{m\)^'^Km} is a family of uniformly bounded semi- 
positive (n, n) forms on Y. Then by Lebesgue's bounded convergence theorem, 
we see that 

(3.37) limsup / fiL^^y ■ {■ml)-'^K„i = / limsup fiL^^y ■ Vl*^')""-^™ 

m — >oo Jy Jy — 

holds. Combining Lemmas 13 . 1 [ 13 .41 and 13 . 5[ we have the equality: 

(3.38) limsup —[r^ Hl^,^ ■ = (271)-"^^-, 

m-.oo (m!)™ 

holds almost everywhere on Y . Hence by the definition of hoo (cf. (|1.33p ) 



(3.39) /loo = f limsup KrTl ) = (27r)"- dVy^ ■ 



hold almost everywhere on Y . This implies the equality p.34p in Theorem II. 71 
Then by the equation p.22p we have the equality (|1.35p in Theorem ll.7l 

UlY = V^Qh^ ■ 

This completes the proof of Theorem II . 71 assuming that Lx/y is Cartier. The 
proof of the general case can be obtained by entirely the same estimates. More 
precisely if Lx/y is not a genuine line bundle, we may have small ripple in the 
L^-estimates in the proof of Lemma l3.1l since we tensorize (L®"y, /if"^ ^) every 
a steps. But the ripple disappears when we take the normalized limit as is easily 
be seen, q 



For the uniqueness of the canonical measure, we have the following unique- 



ness. 



Corollary 3.6 dfic 



Proof of Corollary EH Let / : X 
following commutative diagram : 



is birationally invariant, q 

Y be as above and let us consider the 



X 



Y- 



Y 



where tt : X — > X,zu : Y — > Y are modifications. Let A and A be ample line 
bundles on Y and Y respectively. 

Then w*A is nef and big on Y. Hence by Kodaira's lemma, we have that 
there exists a positive integers ai , a2 such that 



(3.40) 



aiA — Tu* A, a2Tu* A — A 
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are Q-effective. Let dfij^ can^ '^f^^-'^'^'^ canonical measures on X and X re- 
spectively. Then since aiA — tu*A is Q-efFective, by Theorem 11.71 and its proof, 
we see that 

(3.41) C^Mx^can = T^*dHX,can 

holds. In fact this can be verified as follows. Let us fix C°° hermitian metrics 
Ha and on A and A respectively. Let 6 be a sufficiently large positive integer 
and let 

(3.42) T e i7°(y,0^(6(aii-Ti7*v4))) 
be a nonzero section such that 

(3.43) {h'^l-w*h-/)\T^T)^l. 

Let {-f^'m}m>oi {-^ni}m>o ^"^^ dynamical systems of Bergman kernels as in 
Theorem 11.71 starting from {haiA^h}'^^) and [bA,h\) on Y and Y respectively. 
Then by the extremal property of Bergman kernels, we see that 

(3.44) ^ |rp • w*K„, 
holds. Hence by Theorem 11.71 we see that 

(3-45) dfJ-X^can = T^*df^X,can 

holds. 

Similarly since a2Vj* A — yl is Q -effective, we have the opposite inequality : 

(3.46) <^Mx,can = T^*dHX,can 

Hence we have that the equality 

(3.47) rfMx,can = T^*d^Xx,can 

holds. This completes the poof of Corollarv l3.6l q 



4 Relative version of Theorems 11.51 and 11.7 

In this section we shall consider variation of the canonical measures on projective 
families. Our result is as follows. 

Theorem 4.1 Let f : X — > S be a projective family such that X, S are smooth 
and f has connected fibers. Suppose that ffOs{mKx/s) f'^^ some m > 
0. There exists a relative measure dfican,x/s such that the singular hermitian 
metric hx/s ■= df^^^^^ x/s ^xjs satisfies: 

(1) tox/s •= V^l ^hx/s semipositive on X. 

(2) For every smooth fiber Xg :— f^^{s), hx/s\^s is well defined and is an 
AZD of Kx, ■ 
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(3) There exists a set T of measure on S such that for every s G S'\r, 
Xs is smooth and ujx/s\-^s is the canonical semipositive current on Xs 
constructed as in Theorems ] 1.5\ and \1.7\ q 

Remark 4.2 Even for s e S\T, diJ,can,x/s\-^s may not be precisely equal to 
the canonical measure dfican,s on Xs as a degenerate volume form on X^. But 
as a measure dfican.x/s\^s = dfican.s holds in exact sense, q 

We call diii,an,x/s the relative canonical measure of f : X — > S. Combining 
the logarithmic plurisubharmonicity of Bergman kernels ( |B3[ IB-P) and |T41 
Theorem 3.4]), this theorem strengthens the following famous result due to Y. 
Kawamata. 

Theorem 4.3 ( \Ka^ p. 57. Theorem IJ) Let f : X — > S be an algebraic fiber 
space. Suppose that dim. S ^ 1. Then for every positive integer m, f*Ox{fnKx/s) 
is a semipositive vector bundle on Y , in the sense that every quotient Q of 
f,Ox{mKx/s), deg Q ^ holds. □ 

The main difference between Theorems 14.11 and 14.31 is that the semipositivity is 
on the total space in Theorem 14. 11 while the semipositity is on the direct image 
of the relative pluricanonical systems in Theorem 14.31 In [T6] . we consider the 
relative log canonical bundle of a family of log canonical pairs. In the case of 
log canonical pairs, this difference becomes an essential one. 



Proof of Theorems \4.1\ Since the assertion is local, we may assume that S is 
the unit open polydisk in C". Let toq be a sufficiently large positive integer and 
let 

(4.1) Frn„ := f*Ox{molKx/s) 

and (shrinking S, if necessary) let ao, • • • , crAr(m) be a set of global generators 
of FjnQ on S. We take the image Y of the rational map 

(4.2) ^^„:X .Pf""). 

If wc take mo sufhcienly large, taking modifications of of X and Y oi Y 
respectively, we have the relative litaka fibration 

X ' 'Y 

f\ 

(4-3) S 

such that X and Y are smooth and g^O <^{m\K ^ ly)** is a line bundle on Y . 
We define the Q-line bundle Lx/y on Y by 

(4.4) Lx,Y^—,9*Oj,{mo\Kj,,yY* 

' mo! ' 

and let a be the least positive integer such that f^,Oj^{aKj^^Y) 0- Hereafter 
we shall replace f : X — > S by f : X — > S and replace X and Y hy X and 
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Y respectively. This does not affect the proof of Theorem 14.11 by the birational 
invariance of cananonical measures. 

Let S° be the locus of 5* such that / is smooth over 5° . Let A be a sufficienly 
ample line bundle on Y and let Ha be a C°° metric on A with strictly positive 
curvature. Then as in Section [3l for every s S S°, we define the dynamical 
system of Bergman kernels {Km s}m>mo' in Section[31 i.e., 
(4.5) 

K(Ys,KY,+A\Ys,hA\Ys), ifa>l 



Ki, 



K{Ys,Ky, + Lx/y\Ys + {Ky, + Lx/y\Ys), Hl^,^ ■ /i^in), if a = 1 



and hi s = ].. And we define {i^m.s} inductively as in Section [3] fiberwise. 
More precisely if we have already defined K„i^s and /im,s, we shall define Km+i.s 
and hm+i.s by 
(4.6) 

r K{Y.„{m + l)KY^ + [^\aLx,Y\ys.hm,s) ifm + l^Omoda 

Kra+l,s '■= \ 

[ K{Ys,im+l){KY^ + Lx/Y\Ys)AhL^,Y\Ysr (^Kn,s) ifm + l = Omoda 

and 

(4.7) h„i+i,s ■= {Km+i^s)~^ ■ 
Now we shall define K„i by 

(4.8) Km\Ys^K^,s is€S°) 
and set 

(4.9) K*^ the upper-semi-continuous envelope of Km- 

We note that the Hodge metric hi,^^^ on Lx/y defined as in Section [3] has 
semipositive curvature in the sense of current on Y (not on every fiber Y^) 
by ( [Ka2j . [Ka31 p. 174, Theorem 1.1]). Then by the plurisubharmonicity of the 
Bergman kernel( [B3t IB-Pj . [T41 Theorem 3.4]) of the adjoint line bundle of sin- 
gular hermitian line bundle of semipositive curvature current, by induction on 
m, we see that 

(4.10) hm ■■= iKX' 

extends to a singular hermitian metric on 

771 

(4.11) thKy/s + H—Lx/yI ■ a)Lx/Y 

on Y and the extended metric has semipositive curvature in the sense of current, 
i.e. log Km is plurisubharmonic on Y by Theorem 11.81 Then by Theorem 1 1.71 



(4.12) Kao '■— the upper semicontinuous envelope of limsup "y^mJ) "isTj^ 

m — ^CJO 

exists as a nontrivial Lx/y-valued relative volume form on Y and 

(4.13) /loo := A'^i 
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is a singular hcrmitian metric on Ky/s + Lx/y with semipositive curvature 
current. We set 



(4.14) hx/s-^9*hoo- 

Then as before we may consider hx/s ^ singular hcrmitian metric on Kx/s 
with semipositive curvature current, i.e., 



(4.15) Ux,s--^V^Qh 



x/s 



is semipositive on X. By Theorem 11.71 and the birational invariance of the 
canonical semipositive current (Corollarv l3.6p . there exists a subset T of measure 
on 5* such that S\T is contained in 5*° and for every s e S\T, uJx/s\Xs is 
the canonical semipositive current on Xs- Moreover for s e T n 5*°, we see that 
hx/s\^s is an AZD of Kx^ by the very definition of the upper-semi-continuous 
envelope. This completes the proof of Theorem 14.11 q 
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